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Abstract: The influence of ohmic (metallic) loss on the complex band structure (BS) and
eigenmodes of 2-D plasmonic crystals is investigated. With the help of wave equations
and periodic boundary conditions, a finite-difference-based eigenvalue algorithm is pro-
posed to model the plasmonic crystals with arbitrarily lossy and dispersive materials.
Given a frequency of interests, the algorithm solves one complex Bloch wavenumber as
the eigenvalue via fixing another. Most importantly, the developed eigenvalue analysis
could expand the bulk excitation solution with eigenmodes, which satisfies the general-
ized phase (momentum) matching condition. For a TE polarization with Hz field, the
ohmic loss strongly affects the BS and eigenmodes at plasmonic resonance frequencies.
Both the fast oscillation of a dispersion curve and strong field confinement of eigen-
modes are damped due to the high ohmic loss. For a TM polarization with Ez field, the
introduction of ohmic loss twists the vertical dispersion curve at the bandgap and breaks
the symmetry of the eigenmodes. For both polarizations, the high ohmic loss lowers the
quality factor of the eigenmodes. This paper offers a fundamental and important eigen-
value analysis for designing lossy and dispersive plasmonic crystals.

Index Terms: Complex band structure, plasmonic crystals, bandgap.

1. Introduction
Over the past few years, remarkable progress has been made in artificially structured materials,
such as photonic crystals and metamaterials, because of their extraordinary optical properties to
control and manipulate light [1], [2]. The investigation of optical properties of such a periodic
structure relies on its band diagram (structure) and eigenmodes. Regarding the conventional nu-
merical method [1], [3] for calculating the BS and eigenmodes, one first established the partial
differential equation characterizing the geometry, material composition, and periodic (Bloch)
boundary condition of a unit cell. Then, the continuous eigenequation is converted into an
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algebraic eigenvalue problem with a frequency ! as the eigenvalue for a fixed Bloch wave vec-
tor k, where the dispersion relation ! ¼ !ðkÞ is obtained. Considering non-dispersive materials,
the eigensystem reduces to a standard linear eigenvalue problem that can be solved by stan-
dard linear eigenvalue solvers [4], [5].

Although most of previous studies focused on photonic crystals composed of frequency-
independent permittivity, currently there are more interests in photonic crystals with dispersive
materials, and particularly in plasmonic crystals showing unprecedented ability to confine optical
energy in deep subwavelength scales. The strong optical confinement is due to a coherent inter-
action of electromagnetic fields with free electrons of metals leading to surface plasmon reso-
nance and local plasmon resonance [6], [7]. The forward and backward surface plasmon waves
interfering with each other induce the plasmonic band gap (PBG) and plasmonic band edge
(PBE) [8], [9]. Meanwhile, the Bragg backscattering from individual metallic scatterers also
opens up photonic band gaps [10], [11]. Because of a pronounced near-field enhancement,
plasmonic crystals find versatile interesting applications in fields of solar cells [12]–[14], optical
detection [15], [16], subwavelength waveguides [17], sensing [18], etc.

Just like photonic crystals, the BS and eigenmodes of plasmonic crystals are essential to
understand relevant physical effects and design novel optical devices. However, a lot of compu-
tational challenges arise. On one hand, a dense mesh generation is required at the metal-
dielectric interface owing to the highly localized nature of plasmons. On the other hand, metals
at the optical regime are very dispersive and lossy materials with the frequency-dependent per-
mittivity. Consequently, the eigensystem for plasmonic crystals is no longer a standard linear ei-
genvalue problem but a nonlinear eigenvalue one, where the poles or zeros of a function or a
determinant on a complex plane must be found [19]. Methods using nonlinear iterative solvers
are time-consuming while approaches taking the Bloch wave vector k instead of the frequency
! to be eigenvalues are numerically practical and favorable. In other words, the intractable non-
linear eigenvalue problem could be recasted into a tractable quadratic eigenvalue problem
(QEP) where the wave vector is a function of frequency ðk ¼ kð!ÞÞ. In the literatures, Raman
[20] solved the Hermitian QEP. Unfortunately, extending the method to handle arbitrary permit-
tivity with N-pole Lorenz model is nontrivial. The Dirichlet-to-Neumann wave vector eigenequa-
tion [21] converted QEP into a generalized eigenvalue problem of twice the size, which can be
easily solved. Luo Ma et al. [22] used the spectral element method to calculate the band struc-
tures of 2-D and 3-D photonic crystals consisting of dispersive anisotropic and metallic mate-
rials. They found the spectral element method (SEM) have spectral accuracy with the error
decreasing exponentially with the order of basis functions compared to the conventional finite el-
ement and finite difference methods. Full-wave finite element [23], [24] also overcome the diffi-
culty and can simulate arbitrary material compositions, but they were essential QEPs with a
large memory and computational complexity due to augmented dimensions of the eigenmatrix.
Additionally, the finite-difference time-domain method could treat dispersive media elegantly
[25] but it was not easy to obtain the complex band structure for lossy media.

In this paper, a novel eigenvalue algorithm is developed to analyze the influence of ohmic
(metallic) loss on the complex BS and eigenmodes of plasmonic crystals with arbitrary geome-
tries and materials. The algorithm directly produces a linear eigenequation, and thus saves com-
puter resources in contrast to the QEP. The ohmic loss of plasmonic crystals will modify the
group velocity, decay length, quality factor, symmetry and degeneracy of eigenmodes, which
are important to diverse practical applications. First, the group velocity governs the transit time
per unit transmission length and, thus, the power dissipation of devices. Second, spontaneous
decay rate of an atom or molecule is proportional to the quality factor, which is essential to the
cavity quantum electrodynamics [26]. Third, symmetry and degeneracy of eigenmodes relate
to several fundamental or emerging physical concepts, such as time reversibility [27] and pho-
tonic Dirac cones [28]. Consequently, the ohmic loss will affect the performances of slow-wave
devices, superlens, cloaking, zero-refractive-index metamaterials, and quantum circuits, which
highly depend on the excitation of the fundamental eigenmode or superpositions of few
eigenmodes.
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2. Method and Theory
In general, BS for any periodic systems can be calculated by the wave equation for either the
electric field E or the magnetic field H. The wave equation for the magnetic field is [1]

r� 1
"ðrÞr � H ¼ �ðrÞ !

c

� �2
H (1)

where " and � are the relative permittivity and relative permeability of the material of interest,
H is the magnetic field, ! is the frequency, and c is the light speed in vacuum. When the
material is dispersive and lossy, " is complex and is a function of frequency. Otherwise, " is
constant for the nondispersive dielectric material. The nonmagnetic material is assumed here,
i.e., � ¼ 1.

For simplicity and better understanding the principle, we focused on 2-D plasmonic crystals
in this paper. In fact, the proposed eigenvalue algorithm can be easily extended to study 3-D
plasmonic crystals. For a 2-D periodic system, the object is periodic along the x - and y -direc-
tions; and is homogeneous in the z-direction. The electromagnetic fields can be split into a
transverse magnetic wave ðTMz : Ez ;Hx ;Hy Þ and a transverse electric wave ðTEz : Hz ;Ex ;Ey Þ.
Take TEz mode as an example, the wave equation (1) degenerates to the following scalar
wave equation:

@

@x
1

"ðx ; yÞ
@Hz

@x

� �
þ @

@y
1

"ðx ; yÞ
@Hz

@y

� �
þ k2

0Hz ¼ 0 (2)

where Hz is the magnetic field and k0 ¼ ð!=cÞ is the wavenumber in free space. An expðj!tÞ
time-dependence is implicit through the paper with t is the time and j ¼ ffiffiffiffiffiffiffi�1

p
. Applying the

finite-difference method, the unit cell is divided into many rectangular grids. The geometry is pe-
riodic in the transverse (in-plane) directions with lattice constants Px and Py . A unit cell with
N�� N� grid points is illustrated in Fig. 1. ’m;n ðm; n ¼ 1;2; 3; . . . ;NÞ denote the magnetic field
Hz . The common point of four adjacent grids (rectangles) is a central node connected with its
adjacent ones through a five-point finite-difference equation. Regarding the central node at the
periodic boundary, some adjacent nodes are out of the unit cell; and can be treated by the peri-
odic boundary conditions

’ðx � Px ; y � Py Þ ¼ ’ðx ; yÞexpð�jkxPx � jkyPy Þ (3)

in which expðjkxPx Þ and expðjkyPy Þ is the periodic coefficients.
Applying the five-point difference equation and (3), based on the finite-difference grids as

shown in Fig. 1, the corresponding discretized form of (2) is given by

M11 M12 f0gN�N � � � f0gN�N M1Nexpð�jkxPx Þ
M21 M22 M23 � � � f0gN�N f0gN�N

f0gN�N M32 M33 M34 � � � f0gN�N

..

. ..
. ..

. ..
. ..

. ..
.

MN1expðjkxPx Þ f0gN�N f0gN�N � � � MNðN�1Þ MNN

0
BBBBB@

1
CCCCCA
 ¼ 0 (4)

where  ¼ ð’11 ’21 ’31 � � � ’N1 ’12 ’22 ’32 � � � ’N2 � � � ’1N ’2N ’3N � � � ’NNÞ0 is the eigen-
mode, and Mnn and Mmnðm 6¼ nÞ are defined as follows:

Mnn ¼

D1n �T 2n 0 � � � 0 �TNnexpð�jkyPy Þ
�T 1n D2n �T 3n � � � 0 0
0 �T 2n D3n �T4n � � � 0
..
. ..

. ..
. ..

. ..
. ..

.

�T 1nexpðjkyPy Þ 0 0 � � � �T ðN�1Þn DNn

0
BBBBB@

1
CCCCCA

(5)
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where Dmn ¼ ð2=ð"mn ��x2ÞÞ þ ð2=ð"mn ��y2ÞÞ � k2
0 , and Tmn ¼ ð1=ð"mn ��y2ÞÞ for m ¼ 1; 2;

3; . . . ;N . �x and �y are the spatial steps in the x -direction and y -direction, respectively

Mmn ¼ � 1
�x2

1
"1n

0 0 � � � 0
0 1

"2n
0 � � � 0

0 0 1
"3n

� � � 0

..

. ..
. ..

. ..
. ..

.

0 0 0 � � � 1
"Nn

0
BBBBBB@

1
CCCCCCA
: (6)

We define two new matrices H and P as

H ¼

f0gN�N f0gN�N f0gN�N � � � f0gN�N M1N

M21 M22 M23 � � � f0gN�N f0gN�N

f0gN�N M32 M33 M34 � � � f0gN�N

..

. ..
. ..

. ..
. ..

. ..
.

f0gN�N f0gN�N f0gN�N � � � MNðN�1Þ MNN

0
BBBBBBB@

1
CCCCCCCA

(7)

P ¼ �

M11 M12 f0gN�N � � � f0gN�N f0gN�N

f0gN�N f0gN�N f0gN�N � � � f0gN�N f0gN�N

f0gN�N f0gN�N f0gN�N � � � f0gN�N f0gN�N

..

. ..
. ..

. ..
. ..

. ..
.

MN1 f0gN�N f0gN�N � � � f0gN�N f0gN�N

0
BBBBBBB@

1
CCCCCCCA
: (8)

Then, (4) can be rewritten as

H ¼ expðjkxPx ÞP : (9)

For a given frequency ! and a fixed complex ky , if the matrix H or P can be inverted, (9) will
be a normal eigenvalue problem. Unfortunately, the matrix P obviously cannot be inverted be-
cause one of its columns is filled with zeros. Meanwhile, the matrix H is also singular.

Fig. 1. Unit cell of plasmonic crystals with finite-difference grids.
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This deficiency can be removed by modifying (9), and then, a linear eigenvalue equation
is obtained as

ðH � PÞ ¼ expðjkxPx Þ � 1½ �P 
ðH � PÞ�1P ¼ 1

expðjkxPx Þ � 1
 : (10)

The matrix ðH � PÞ can always be inverted because its elements are the finite-difference coef-
ficients of the wave equation (2). Once (10) is solved, � ¼ 1=ðexpðjkxPx Þ � 1Þ can be obtained
as an eigenvalue, and then the corresponding complex kx can be solved by
kx ¼ logðð1=�Þ þ 1Þ=ðjPx Þ. The BS of a periodic nanostructure can be obtained by solving the
complex kx via scanning the frequency ! and complex ky . Alternatively, we can solve the com-
plex ky via scanning the frequency ! and complex kx .

For an arbitrary direction in the reciprocal space, in literatures [23], [24], the direction of the
Bloch wave vector k is fixed, and the complex amplitude is calculated as an eigenvalue. Re-
garding the proposed method, the fixed Bloch wavenumber kx or ky is a complex number. Most
importantly, the developed eigenvalue algorithm is able to expand the excitation solution in
terms of eigenmodes with a significant physical meaning. Considering an inhomogeneous plane
wave with a complex wave vector kcinc ¼ kc

ixex þ kc
iyey incident on a 2-D finite periodic structure,

the bulk excitation solution can be expanded as

Hz r;kcinc;!
� � ¼ X

n

An nðr; kx ; kyn;!Þjkx¼kc
ix
þ
X
n

Bn nðr; kxn; ky ;!Þjky¼kc
iy

(11)

where  n are the eigenmodes and ! is also complex. The first and second summation terms
correspond to the generalized phase (momentum) matching conditions [29] respectively for the
horizontal (top/bottom) and vertical (left/right) interfaces. A mode conversion from the incident
inhomogeneous plane wave to the excited bulk Bloch wave can be easily understood according
to the generalized phase matching conditions.

In general, there are two cases for eigenvalue analysis. On the one hand, it’s convenient for
the research about wave propagation, when solution is with a real frequency but a complex
wave vector. On the other hand, for the research about resonant cavities, the solution with a
real wave vector but a complex frequency is more useful. Both cases are all right for different
occasions. And the imaginary part of the wave vector gives the spatial domain decay rate. The
imaginary part of the frequency gives the decay rate of the eigenstate or, in other words, the in-
verse of the imaginary part gives the lifetime of the eigenstate.

Although the proposed method allows to calculate all the complex modes via scanning the
complex kx and complex ky , one could adopt an interpolation method to obtain the band struc-
ture with only scanning the real kx and real ky , which saves considerable calculation time. Math-
ematically, we have

! kc
x ; k

c
y

� �
¼
X
n

Cn kc
x ; k

c
y ; k

r
x ; k

c
yn

� �
!n k r

x ; k
c
yn

� �
jkr

x¼< kc
xð Þ

þ
X
n

Dn kc
x ; k

c
y ; k

c
xn; k

r
y

� �
!n kc

xn; k
r
y

� �
jk r

y¼< kc
yð Þ (12)

where c and r denote the complex and real numbers, respectively. Cn and Dn are the interpola-
tion (extrapolation) kernels.

3. Numerical Results
To validate the theoretical model of Section 2, numerical examples are presented in this section.
First, a 2-D square-lattice photonic crystal with a lossless dielectric material is considered. The
BS along �� X , X �M , M � � is calculated by the proposed algorithm and is compared with
the BS calculated by the traditional ! ¼ !ðkÞ approach. Next, we apply the proposed eigenvalue

Vol. 8, No. 2, April 2016 4801510

IEEE Photonics Journal Algorithm for BS and Eigenmodes of Crystals



algorithm to plasmonic crystals and investigate the influence of loss on the complex BS and ei-
genmodes. It should be noted that all of BS results below are drawn with the normalized fre-
quency ð!a=2�cÞ.

3.1. Dielectric Photonic Crystals
We consider a 2-D square-lattice photonic crystal comprising square dielectric rods in the

background of air. Px ¼ Py ¼ a are the lattice constants, and the square length is 0:2a. The per-
mittivity of each dielectric rod is 11.56 corresponding to the dielectric constant of GaAs in the
optical frequency regime. Band structures are calculated by our algorithm for both TEz and TMz

Fig. 2. BS of a 2-D square-lattice photonic crystal with GaAs square in the background of air. The
permittivity of GaAs is 11.56, and the square side is 0:2a (a is lattice constant). The black lines rep-
resent the results calculated by the traditional ! ¼ !ðkÞ approach, while the red circles denote the
results obtained by proposed k ¼ kð!Þ algorithm. (a) TEz mode. (b) TMz mode.

Fig. 3. Band structures of a 2-D square-lattice plasmonic crystal obtained by the proposed method
with silver cylinders in the background of air. TEz polarization is considered. The complex permittiv-
ity of silver is expressed by the Brendel-Bormann model. The radius of the metal cylinder is 0:3a (a
is the lattice constant). Each color represents a result with different imaginary part of primitivity of
the silver. (a) Real part and (b) the imaginary part of the Bloch wavenumber with the normalized fre-
quency below 0.65. (c) Real part and (d) the imaginary part of the Bloch wavenumber with the nor-
malized frequency between 0.65 and 0.95.
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modes, respectively, corresponding to Fig. 2(a) and (b). The validity of our algorithm is confirmed
by comparing to the results from the traditional ! ¼ !ðkÞ approach with the same finite-difference
grids. As shown in Fig. 2, both methods agree with each other well.

3.2. Plasmonic Crystals
The second example is a PC that consists of a 2-D square array of infinite metallic cylinders

in air. The complex permittivity of metal (silver) is expressed by the Brendel-Bormann model
[30]. The lattice length of the unit cell is set to be a ¼ 280 nm and the radius of the metal cylin-
der is r ¼ 0:3a.

Using the proposed algorithm, the BS for TEz polarization along the �� X direction is pre-
sented in Fig. 3. In order to study the influence of the loss on the BS and eigenmodes, we gradu-
ally decrease the imaginary part of primitivity of the metal, i.e., Reð"Þ þ j Imð"Þ, Reð"Þ þ 0:5j Imð"Þ
and Reð"Þ þ 0:1j Imð"Þ. Here, Reð"Þ þ j Imð"Þ is the physically real value of the permittivity by the
Brendel-Bormann model.

3.2.1 Case (a): TEz Polarization
As depicted in Fig. 3(a) and (b), the ohmic (metallic) loss does not strongly modify the BS

when the normalized frequency is below 0.65 for both real part kr and imaginary part ki of the
Bloch wavenumber. Table 1 lists the quality factors of eigenmodes defined as kr=ki . A large
ohmic loss induces a low quality factor especially at high frequencies. Moreover, we can ob-
serve a plasmonic bandgap with a large attenuation coefficient ki [see Fig. 3(b)] and two plas-
monic band edges with near zero group velocity [see Fig. 3(a)]. The corresponding eigenmode
distributions at the bandgap and band edges are presented in Fig. 4. Interestingly, Hz field
shows different concentration regions respectively along x and y directions at the two band
edges. Because kr > k0 and kr G k0 are respectively satisfied at the lower band edge and upper
one. When the normalized frequency approaches the plasmonic resonance frequency, the dras-
tic oscillations of the BS can be observed at Fig. 3(c) and (d) for the low ohmic loss. As the
ohmic loss boosts, the plasma oscillation is damped and thus BS becomes smooth. Next we in-
vestigate the eigenmodes around the plasmonic resonance frequency as illustrated in Fig. 5,
the field confinement of eigenmodes is remarkably enhanced as the ohmic loss decreases.

TABLE 1

Quality Factor Q for TEz

Fig. 4. Hz field distribution obtained by the proposed algorithm for TEz mode with Reð"Þ þ j Imð"Þ.
(a) Normalized frequency 0.323 corresponding to the lower band edge. (b) Normalized frequency
0.433 corresponding to the band gap. (c) Normalized frequency 0.509 corresponding to the upper
band edge.
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3.2.2 Case (b): TMz Polarization
Fig. 6(a) and (b) show the BS for TMz polarization. Particularly, there is a cut-off frequency

around !a=2�c ¼ 0:533 below which the waves cannot propagate. Different from TEz polariza-
tion, plasmonic effects cannot be supported at the TMz polarization. Although the BS has no
drastic oscillation regions, photonic bandgap around !a=2�c ¼ 0:701 still opens up due to the
Bragg backscattering. At the bandgap in Fig. 6(a), the vertical dispersion curve for the low ohmic
loss is distorted and twisted as the ohmic loss becomes increasingly larger. The group velocity
ðd!=dkr Þ along the x direction changes the sign at the two band edges, which can be seen from
the field distribution of eigenmodes as well (see Fig. 7). From the results listed in Table 2, the

Fig. 5. Hz field distribution obtained by the proposed algorithm for TEz mode. (a), (b) Normalized
frequency 0.723, respectively, with the metal permittivity of Reð"Þ þ 0:1j Imð"Þ and Reð"Þ þ j Imð"Þ.
(c), (d) Normalized frequency 0.841, respectively, with the metal permittivity of Reð"Þ þ 0:1j Imð"Þ
and Reð"Þ þ j Imð"Þ.

Fig. 6. Band structures of a 2-D square-lattice plasmonic crystal obtained by the proposed method
with silver cylinders in the background of air. TMz polarization is considered. The complex permittiv-
ity of silver is expressed by the Brendel-Bormann model. The radius of the metal cylinder is 0:3a
(a is the lattice constant). Each color represents a result with different imaginary part of primitivity
of the silver. (a) Real part and (b) imaginary part of the Bloch wavenumber with the normalized
frequency between 0 and 1.
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reduced ohmic loss enlarges the quality factor, which is the same as the TEz wave. Additionally,
Fig. 8 shows the eigenmodes at higher frequency where the ohmic loss breaks the symmetry of
eigenmodes.

4. Conclusion
A novel eigenvalue algorithm was proposed to study the influence of ohmic loss on the BS and
eigenmodes of dispersive plasmonic crystals. For TMz polarization, the high ohmic loss strongly
damps the oscillation of the BS and meanwhile weakens the optical field confinement of eigen-
modes around the plasmonic resonance frequency. For TEz polarization, the high ohmic loss
distorts the vertical dispersion curve at the bandgap and breaks the symmetry of eigenmodes.
For both polarizations, the small quality factor of the eigenmode is obtained with the large ohmic
loss. This work is fundamentally important to the optimized design of plasmonic crystals.
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