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Abstract: Study of photon decay rate is essential to various optical
devices, where graphene is an emerging building block due to its electrical
tunability. In this paper, we study photon decay rate of a quantum emitter
near a metallic split-ring resonator, which is embedded in a multilay-
ered substrate incorporating a graphene layer. Analyzing photon decay
rate in such a complex multilayered system is not only computationally
challenging but also highly important to experimentally realizable de-
vices. First, the dispersion relation of graphene plasmonics supported
at a dieletric/graphene/dielectric structure is investigated systematically.
Meanwhile, the dispersion relation of metallic plasmonics supported at a
dielectric/metal structure is studied comparatively. According to our in-
vestigation, graphene offers several flexible tuning routes for manipulating
photon decay rate, including tunable chemical potential and the emitter’s
position and polarization. Next, considering plasmonic waves in a graphene
sheet occur in the infrared regime, we carefully design a metallic split ring
resonating around the same frequency range. Consequently, this design
enables a mutual interaction between graphene plasmonics and metallic
plasmonics. The boundary element method with a multilayered medium
Green’s function is adopted in the numerical simulation. Blue-shifted and
splitting resonance peaks are theoretically observed, which suggests a
strong mode coupling. Moreover, the mode coupling has a switch on-off
feature via electrostatically doping the graphene sheet. This work is help-
ful to dynamically manipulate photon decay rate in complex optical devices.
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1. Introduction

Study of photon decay rate in a multilayered system with complicated metallic nano-scatterers
plays an important role in the design of various optical and optoelectronic devices, such as
optical antennas, light-emitting diodes, lasers, solar cells, etc [1–6]. On one hand, due to the
fabrication technology, most functional devices have a layered structure. Simulations should
model the layered structure accurately in order to achieve a good theoretical perdition. On
the other hand, photon decay rate is determined by the interaction between the emitter and
its local electromagnetic environment. By manipulating local density of states (LDOS), the
photon decay rate can be well controlled. LDOS counts the number of electromagnetic modes
at the emitter point. Each electromagnetic mode can be taken as a decay channel. The more
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decay channels there are, the easier it is for an excited atom emits photons via returning to
its ground state. Based on the eigen-mode expansion, the LDOS can be expressed in terms
of the imaginary part of the dyadic Green’s function [7]. Therefore, determining the photon
decay rate is equivalent to the calculation of the Green’s tensor in a complex electromagnetic
environment. Considering the multilayered substrate and the complex structure embedded in
it, the boundary element method with the kernel of a multilayered medium Green’s function
[8–13] is a favorable choice for the numerical simulation.

Plasmonic effects of metals in the visible light regime have been employed to control the
photon decay rate in designs of various optical and optoelectronic devices [14, 15]. However,
metals suffer from several drawbacks to manipulate photon decay rate, such as a large Ohmic
loss in the frequency regime of interest and limited dynamic tunability of carrier density. Re-
cently, graphene has become an alternative plasmonic material with several extraordinary prop-
erties [16–19]. Graphene is a two-dimensional (2D) sheet of carbon atoms bonded in a hon-
eycomb lattice. Due to a unique energy-momentum relationship, electrons in graphene behave
like Dirac fermions [20]. As a result, graphene plasmons are much less lossy in the far infrared
or terahertz regime compared to metals in the visible light regime. What is more, graphene can
be doped to a high carrier concentration by electrostatic gating and chemical doping. Conse-
quently, graphene is an excellent candidate to engineer the photon decay rate. Besides, consid-
ering a fast progress in experimental tools, the ultrathin graphene layer can be easily integrated
with a layered substrate [21].

The influence of graphene plasmonics on the photon decay rate has received much atten-
tion recently [22–24]. However, most of the research works consider a single graphene sheet
or graphene attached to a simple substrate. Regarding the coupling and hybridization effects
between a graphene layer and complicated metallic nanostructures, few works have been done
until now. It is interesting to study the coupling between metallic plasmonics and graphene plas-
monics; and simultaneously their effects on the photon decay rate. In view of a distinct working
frequency gap between graphene plasmonics and metallic plasmonics, a physical realization of
their coupling is fairly difficult. Here we carefully design a metallic split-ring resonator, which
resonates in the same frequency band of the electrostatically doped graphene. The resonator is
integrated in a practical multilayered substrate involving a graphene layer. The photon decay
rate can therefore be manipulated by the external gate voltage, as well as the position and polar-
ization of the quantum emitter. Such tunable properties are favorable in the design of functional
devices.

In this paper, we will first briefly review the methodology used in the simulation, namely the
boundary element method with the kernel of a multilayered medium Green’s function. Second,
the dispersion relation of graphene plasmonics and metallic plasmonics are comparatively in-
vestigated, revealing distinguished features of photon decay rates with respect to their working
frequency regimes. Finally, the mode coupling of the graphene and a split-ring resonator inte-
grated in a layered substrate is studied. It is found that by increasing chemical potential, the
resonance peak of the hybrid system is blue-shifted [25] and splits.

2. Methodology

The photon decay rate in an inhomogeneous environment is calculated by the imaginary part of
the dyadic Green’s function evaluated at the location of the emitter [7]:

γ
γ0

=
Im [Gαα(r,r,ω)]

Im [G0αα(r,r,ω)]
(1)

where Gαα is the diagonal entries of the dyadic Green’s function with α = x,y,z, and the
quantity with subscript 0 denotes the counterpart in the referenced homogeneous background.
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In principle, getting the Green’s function is equivalent to finding the total electric field generated
by a Hertzian dipole in such an inhomogeneous environment:

Eα(r) =− jωμ
∫

V
Gαα(r,r′)δ (r− r′)dr′ (2)

where the time convention e jωt is assumed and suppressed. According to this definition,
Im(Gαα) is translated to Re(Eα). Hence, this problem can be cast to a classical electromag-
netic radiation/scattering problem.

We investigate the schematic configuration as shown in Fig. 1, where a complex metallic
split-ring resonator is embedded in a multilayered structure incorporating a graphene layer.

Fig. 1. The schematic configuration of a complicated electromagnetic system for manip-
ulating photon decay rates. A rectangular gold (Au) split-ring resonator is embedded in
the layer of ZnO with thickness d1 = 60 nm and dielectric constant (relative permittivity)
ε1r = 3.61. The ZnO layer is attached to a graphene layer, which is backed by a SiO2 sub-
strate with d2 = 100 nm and ε2r = 2.25. The mesh of the resonator is shown in the figure
with a = 150 nm, b = 30 nm, g = 20 nm, and w = 25 nm. The emitter is put inside the gap
of this resonator. The effective thickness of the graphene layer is set to be a typical value
of d0 = 0.5 nm.

The excitation of this system is a quantum emitter modeled by an electric Hertzian dipole.
To calculate the electric field or Green’s function at the source location, the boundary element
method in computational electromagnetics is a favorable choice. Considering the multilayered
substrate including the graphene layer, we further incorporate the multilayered medium Green’s
function as the integration kernel to simplify the numerical modeling. The detailed mathemati-
cal expressions and implementation procedure can be found in [12,13] and will not be repeated
here.

It is worthy of mentioning that graphene is usually defined as an infinitely thin material with
a surface conductivity. This conductivity can be calculated by Kubo formula as a function of
frequency (ω), chemical potential (μc), carrier scattering rate (Γ), and temperature (T ): [20,26]

σ(ω,μc,Γ,T ) = je2(ω− j2Γ)
π h̄2

[
1

(ω− j2Γ)2
∫ ∞

0 ε
(

∂ fd(ε)
∂ε − ∂ fd(−ε)

∂ε

)
dε

−∫ ∞
0

fd(−ε)− fd(ε)
(ω− j2Γ)2−4(ε/h̄)2

dε
]
.

(3)

where h̄ is the reduced Plank’s constant, fd(ε) =
(

e(ε−μc)/kBT +1
)−1

is the Fermi-Dirac dis-

tribution, and kB is the Boltzmann’s constant. However, this 2D model is not consistent with
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a general multilayered medium and the standard definition of reflection and transmission co-
efficients therein [27]. An alternative way is to define a there-dimensional (3D) model with
a finite thickness and an effective volume conductivity σ̃ = σ/d0, where d0 is the effective
thickness of the graphene sheet and a typical value of d0 = 0.5 nm is adopted in this work.
Hence, the effective dielectric constant of the graphene can be defined in the normal way as
εr(ω) = 1− jσ̃/ωε0. In the following numerical experiments, if not otherwise specified, the
default parameters for the graphene are: the chemical potential μc = 0.7 eV, the temperature
with room temperature T = 300 K, and the scattering rate Γ = 11 meV/h̄ [22].

3. Dispersion relation

We first investigate the dispersion relation (namely, the ω–kρ diagram) of a dielec-
tric/graphene/dielectric structure. The permittivities of the upper dielectric region and the lower
one are denoted as ε1 and ε2, respectively. The horizontal wave number (propagation con-
stant) is denoted as kρ , and the vertical components in the two regions are kiz (i = 1,2),
where k2

i = k2
ρ +k2

iz. According to the surface wave condition [27], the dispersion relation for a
transverse-magnetic (TM) surface wave mode is implicitly expressed as

ωε1k2z

(ωε2 −σk2z)k1z
+1 = 0. (4)

If ε1 = ε2 = ε , kρ can be explicitly solved as:

kρ =

√
k2 −

(
2ωε

σ

)2

. (5)

In comparison, we also list the dispersion relation of a nobel metal (dielectric/metal structure)
[28]

kρ =
ω
c

√
ε1rε2r

ε1r + ε2r
. (6)

where ε1r and ε2r are the corresponding relative permittivities or dielectric constants, and ε2r

should be interpreted as the dielectric constant of the bulk metal.
As shown in Eq. (6), metallic plasmonics supported at a dielectric/metal structure has an

obvious resonant condition ε1r + ε2r(ω) ≈ 0. Different from metallic plasmonics, graphene
plasmonics does not have such “resonance condition” at a specific frequency point, as shown in
Eqs. (4) and (5). However, within a broadband frequency range, the momentum matching con-
dition kinc

ρ = kρ could be satisfied due to the infinite spatial spectrum span of a dipole source.
Therefore, graphene plasmonics affects photon decay rate of an emitter in a different manner
compared to metallic plasmonics. To show this, two structures involving graphene and metal
(gold) are studied, as illustrated in Figs. 2(a)–2(b). In the following analysis, the surface con-
ductivity of graphene is calculated from Eq. (3), and the dielectric constant of gold is taken
from the Brendel-Bormann model in [29]. For the structure in Fig. 2(a), we set the frequency
band from the infrared to visible light regime, with vacuum wavelengths from 0.5 μm to 5 μm.
For the structure in Fig. 2(b), we set it to be in the visible light regime, with vacuum wave-
lengths from 0.4 μm to 0.8 μm. The dispersion relations are shown in Figs. 2(c)–2(d). In Fig.
2(c), the dispersion peak of graphene does not vary with respect to the dielectric material, where
the black solid line indicates the turning position where the permittivity of the graphene varies
from negative to positive (from plasmonic to normal material). Moreover, there is no obvious
resonance peaks in the infrared regime. In Fig. 2(d), we can see that the dielectric material
affects the dispersion of metal, where the black solid lines indicate the dispersion peaks. A z-
oriented dipole is put 10 nm above the interface and the photon decay rates are recorded in Figs.
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Fig. 2. (a) A dielectric/graphene/dielectric structure. (b) A dielectric/metal (gold) structure.
(c) The dispersion curves of the graphene structure in the infrared and visible light regime.
(d) The dispersion curves of the metal structure in the visible light regime. (e) The photon
decay rate of the graphene structure with a z-oriented dipole 10 nm above the interface.
(f) The photon decay rate of the metal structure with a z-oriented dipole 10 nm above the
interface.
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2(e)–2(f). In Fig. 2(e), we observe the enhanced decay rate in the infrared regime with a broad
range (the pseudo-peaks denoted by the black solid line indicate zero permittivity of graphene).
In comparison, the decay rate enhancement in Fig. 2(f) strictly follows the resonance condition
revealed by the dispersion curves. Moreover, we can see that in a planar multilayered struc-
ture, graphene plasmonics could achieve a very large photon decay rate compared to metallic
plasmonics.

Fig. 3. (a) Polarization effect of a dipole 10 nm above the graphene layer. (b) Position effect
of a z-oriented dipole above the graphene layer. (c) Position effect of a z-oriented dipole
above a metal substrate. (d) Chemical potential effect of a z-oriented dipole 10 nm above
the graphene layer.

4. Numerical results and discussion

As is shown in the previous section, graphene plasmonics and metallic plasmonics occur in the
different frequency bands. Hence, it is difficult to couple the graphene plasmonics to a normal
metallic scatterer. To make such coupling possible, we carefully design a split-ring resonator
with well-engineered dimensions so that it can resonate in the same frequency band as the
graphene does. The split-ring resonator is embedded in the layer of ZnO. A graphene layer
is introduced next to the ZnO layer and is backed by a layer of SiO2 substrate, as shown in
Fig. 1. Such a layered schematic pattern is usually required in experiments. In the following,
we first consider the effect from the graphene plasmonics solely, in the absence of the metallic
nano structure. Since the imaginary part of the Green’s function translates to the real part of
the electric field generated by a dipole source, we record the electric field for convenience,
as is shown in Fig. 3. In Fig. 3(a), the polarization effect is demonstrated. Three differently-
oriented dipoles are put 10 nm above the graphene layer. Compared to the horizontal ones,
the z-oriented dipole generates stronger electric field vertical to the graphene surface and thus
generates more surface charge to favor surface plasmons. Also, due to the azimuth symmetry,
the x- and y-oriented dipoles have the same effects. In Fig. 3(b), the position effect is tested.
Three z-oriented dipoles with different vertical distance to the graphene are considered. The
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electric field at the dipole point shows a significant position-dependent feature not only on the
amplitude but also on the spectral shape. Differently, the electric field above a metal layer has a
narrow band; and the resonant peak does not depend on the position of the dipole, as depicted in
Fig. 3(c) where the graphene layer is removed and the SiO2 substrate is replaced by a gold layer
with the same thickness. Again, the frequency band should be set to be the visible light regime
in this case to allow for metallic plasmonics. In Fig. 3(d), the influence of chemical potential
on electric field is investigated. The chemical potential can be easily controlled by an external
electrostatic voltage gate, which is one of the unique features of the graphene plasmonics for
tunable devices. It is shown that the peak is blue-shifted as the chemical potential increases [22].

Fig. 4. (a) Polarization effect of a dipole at the center of the resonator gap without a
graphene layer. (b) Position effect of a x-oriented dipole inside the resonator gap with-
out a graphene layer. (c) Position effect of a x-oriented dipole with and without a graphene
layer. (d) Chemical potential effect of a x-oriented dipole in the hybrid system.

Next, the split-ring resonator is incorporated into our system. Again, in order to show the
response of this metallic nano-scatterer, the graphene layer is first removed. The dipole is put
inside the gap of the split ring to achieve a strong confinement of the localized field. Fig. 4(a)
shows the polarization effect. Apparently, this structure is polarization sensitive, and only the
x-oriented dipole (along the arm of the resonator) couples effectively to the resonator. In Fig.
4(b), the position effect is also investigated. The dipole position affects the magnitude of the
resonance peak, while leaves the peak position unchanged. This is due to the fact that the
resonance frequency is determined by the dimension of the resonator and its electromagnetic
environment. Finally, we consider the hybrid system with a graphene layer. The wavelength
is set to be 3.38 μm and the photon decay rate of an x-polarized dipole is recorded along the
z axis in Fig. 4(c). The photon decay rate inside the gap is almost symmetric with respect to
the center of the structure. After introducing a graphene layer, the photon decay rate is further
enhanced; and the symmetry is broken when the dipole is very close to the graphene surface.
The symmetry breaking is due to the large amount of coupling (decay) channels provided by
the graphene plasmonics. Hence, hybridizing the graphene with the split-ring resonator will
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Fig. 5. (a) Near field distribution at wavelength 1 of Fig. 4(d) (shorter-wavelength peak). (b)
Near field distribution at wavelength 2 of Fig. 4(d) (dip). (c) Near field distribution at wave-
length 3 of Fig. 4(d) (longer-wavelength peak). (d) Near field distribution at wavelength 4
of Fig. 4(d).

offer us more degrees of freedom to control the photon decay rate with the polarization and
position of the emitter and particularly with the chemical potential. In Fig. 4(d) we compare the
photon decay rate with μc = 0 eV, μc = 0.5 eV, and μc = 0.7 eV. The dipole is inside the gap
and is 7 nm above the graphene sheet. One can see that as the chemical potential increases, the
photon decay rate is not only blue-shifted [25] but also splits due to a strong coupling between
graphene and the metallic resonator.

Finally, Fig. 5 shows the near-field distribution of the hybrid system at different wavelengths
denoted by arrows in Fig. 4(d). First, graphene plasmonic waves are excited and decay vertically
away from the graphene sheet. Evanescent waves from the dipole emitter and those from the
gap of split ring offers additional momentum (kev) to excite graphene plasmonics satisfying
the momentum matching condition kev ≈ kgra

ρ . Second, at the top of the split-ring gap (around
z = 15 nm), the electric field shows a maximum intensity at wavelength 3, which suggests the
decay rate peak at the longer wavelength is mainly due to the split-ring resonance. Contrarily,
regarding the other decay rate peak at the shorter wavelength 1, strong graphene plasmonic
waves with a shorter wavelength of 2π/Re

(
kgra

ρ
)

penetrate into the split ring from the bottom
of the gap. Third, out-of-phase coupling between metallic plasmonics and graphene plasmonics
can be observed at the decay rate dip (wavelength 2) where graphene plasmonics shows a
significant spatial spread along the lateral (x) directions. In-phase and out-of-phase coupling
between the split ring and graphene sheet induces the interesting physical phenomenon and
opens up a new degree of freedom to electrically tune the photon decay rate.
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5. Conclusion

Photon decay rate of a dipole near a metallic split-ring resonator, which is embedded in a
multilayered substrate incorporating a graphene layer, is investigated in this paper. The bound-
ary element method with the kernel of multilayered medium Green’s function is developed to
calculate the electromagnetic response in the complicated system. The dispersion relation of
graphene plasmonics and metallic plasmonics are comparatively studied. The effects of emitter
position and polarization as well as chemical potential are investigated carefully. A strong cou-
pling between the metallic resonator and graphene can be achieved by a careful design. This
work is important to explore the photon decay rate near a complex nano-structure integrated in
a layered substrate involving a graphene layer. The unique feature of graphene plasmonics is
helpful to dynamically control the photon decay rate.

Acknowledgments

This work was supported in part by the National Natural Science Foundation of China (NSFC
61201002, 61271158, and 61425010), in part by Research Grants Council of Hong Kong (GRF
712612 and 711511), AOARD 124082 and 134140 contracted through UTAR, and Hong Kong
UGC AoE/PC04/08.

#225356 - $15.00 USD Received 21 Oct 2014; revised 19 Dec 2014; accepted 19 Dec 2014; published 30 Jan 2015 
© 2015 OSA 9 Feb 2015 | Vol. 23, No. 3 | DOI:10.1364/OE.23.002798 | OPTICS EXPRESS 2807 




