
technique, a shunt inductor at the input and a source degenera-

tion inductor are laid out so that the current directions of the

adjacent metal lines are equal. Accordingly, the magnetic cou-

pling between the two inductors enhances the inductance levels

of the two inductors due to the mutual inductance. To verify the

feasibility of the proposed technique, we designed a 2.4-GHz

differential LNA using 0.13-mm RFCMOS technology. Using

the proposed technique, the chip size is reduced to 68% of a

typical LNA. According to the measured results, we successfully

prove that the gain and NF of the proposed LNA are improved

compared to those of a typical LNA.
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ABSTRACT: Helmholtz decomposition (HD) is a vector analysis funda-
mental tool and plays an important role in electromagnetics (EM) and

microwave engineering. Instead of applying HD to the EM solving pro-
cess, this article proposes an integral equation based rigorous HD pro-
cess to extract and analyze the known EM field. It provides much

clearer insight into field coupling and radiation mechanism that is valu-
able to electromagnetic interference (EMI) and electromagnetic compati-

bility (EMC) analysis. Compared to the loop-tree based decomposition
that is a quasi-HD, the proposed method is rigorous and frequency-
independent. The algorithm verification and its application to coupling

and resonating problems are presented. This method can provide a novel
angle for the EM field analysis used in EMI/EMC, antennas, signal
integrity, and relevant areas. VC 2014 Wiley Periodicals, Inc. Microwave

Opt Technol Lett 56:1838–1843, 2014; View this article online at

wileyonlinelibrary.com. DOI 10.1002/mop.28454

Key words: Helmholtz decomposition; integral equation; wave and cir-
cuit physics; loop-tree decomposition

1. INTRODUCTION

Vector field analysis is fundamentally important in fields of

mathematics, physics, and engineering. The Helmholtz’s theo-

rem [1] states that any sufficiently smooth, decaying vector field

in three dimensions can be decomposed into the sum of a curl-

free (CF)/irrotational and a divergence-free (DF)/solenoidal vec-

tor components. The Helmholtz decomposition (HD) could cap-

ture field features, such as sources, sinks, and vortices [2]. Thus,

it is a powerful visual tool in several applications involving aer-

odynamic design, detection of flow features, computer graphics,

and so forth [3]. This theorem is also of great importance in

electromagnetic (EM) and microwave engineering, especially for

solving the low-frequency breakdown issues caused by the

decoupling of electric and magnetic fields. The loop-tree

method, a quasi-HD based approach, was popularly used in

solving low-frequency electric field integral equations (EFIE)

[4].

Surprisingly, after solving the loop-tree from EFIE, it is not

convenient to use them for the irrotational and solenoidal cur-

rent representation and analysis. The reason is that it is not a

rigorous decomposition and the tree basis is not CF. Hence, the

irrotational current represented by the tree basis is not the true

irrotational current. Plotting the current represented by the tree

basis could be very messy with no valuable information for use.

The rotational current analysis is also jeopardized because of

this reason. Plus, this problem becomes worse when the fre-

quency goes high. Because the solenoidal and irrotational com-

ponents of the field contain very rich EM coupling and radiation

information, it is important to have a convenient process to

extract them rigorously from the given field. It would greatly

benefit analysis and optimization of electromagnetic interference

(EMI), antennas, signal integrity (SI), and so forth.

In this article, we develop an integral equation (IE) based

method to numerically implement a rigorous HD process for the

Figure 4 Measured S-parameters and gain of a typical and the pro-

posed LNAs. [Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com]
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EM field on a simply-connected planar surface. To demonstrate

the difference of the proposed method compared to the loop-tree

decomposition, and to show its practical applications, we

applied it to the EMI analysis of transmission lines and the

working status analysis of a resonator. From the results, it is

clear that the proposed method provides very new and much

more physical interpretation than regular total current or field.

2. THEORY

2.1. HD for a Planar Surface
Assume the given electric or magnetic current density is S. If it

is bounded and approaches zero at large distances, according to

the Helmholtz’ theorem, we can decompose it into a DF part

S
div and a CF part S

curl

S5Sdiv 1Scurl (1)

It has been shown that Sdiv and Scurl could be constructed

explicitly as follows [5]

Sdiv 5
1

4p
r3

ð
V0

r03Sðr0Þ
jr2r0j dr0 (2)

Scurl 52
1

4p
r
ð

V0

r0 � Sðr0Þ
jr2r0j dr0 (3)

Importantly, the Helmholtz’ theorem can be extended to a

vector field defined on the open or closed surface using surface

divergence and gradient operators.

After the EM field has been solved through various methods

or tools [4], by inserting an artificial testing plane (simply con-

nected) at proper position, we can obtain the field and equiva-

lent sources for EM analysis. Hence, we will focus on the

decomposition of the equivalent surface current. On a simply

connected surface, the decomposition of the surface current can

be represented by scalar potentials / and h [5]

Ss5Scurl
s 1Sdiv

s 5rs/1n̂3rsh (4)

where n̂ is the unit vector normal to the surface, rs is the sur-

face gradient operator, and / and h are scalar potentials corre-

sponding to Scurl
s and Sdiv

s , respectively. They correspond to the

capacitive and inductive physics entangled in the total surface

current Ss. They can be uniquely determined by the following

surface Poisson equations

r2
s /5rs � Ss (5)

r2
s h5rs � ðSs3n̂Þ (6)

For an arbitrary curved surface, finding the inverse of the

surface Laplace operator r2
s in (5) and (6), which is called

Laplace-Beltrami operator, is extremely difficult in contrast to

the inverse of the volume Laplace operator r2 [6]. However,

for the vector field defined on a planar surface, / in (5) can be

solved by the following IE with the 2D electrostatic Green’s

function

Figure 1 The HD of a fictitious vector current on the planar surface based on the SIE. (a) The original current; (b) the CF current; (c) the DF current;

and (d) the relative errors of the CF currents as a function of points per unit and the wave number. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com]
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/52
1

2p

ð
S

rs � Ssðr0Þ
ln jr2r0j dS

0
(7)

The Eq. (7) is essentially a convolution and can be acceler-

ated by the efficient fast Fourier transform method.

Hence, the HD process can be implemented as follows.

Suppose EFIE is solved based using Rao-Wilton-Glisson basis

functions [7]. From the resultant surface electric current Js, the

equivalent sources on the given testing surface can be computed by

Je
s5n̂3r3

ð
s

Gðr; r0Þ � Jsðr0Þdr0 (8)

Me
s52ixln̂3

ð
s

Gðr; r0Þ � Jsðr0Þdr0 (9)

where G5 I1rr
k2

	 

eikjr2r0 j

4pjr2r0 j is the 3D dyadic Green’s function, x
is the angular frequency of interest, and l is the permeability of

free space. Next, the scalar potential / for the equivalent current

Je
s or Me

s can be assessed by the IE (7). Then, the CF compo-

nent can be computed by taking the gradient of /, which can be

further imposed on the 2D electrostatic Green’s function, that is,

Jcurl
s 52

1

2p

ð
S

rs

1

ln jr2r0j

� �
rs � Je

sðr0ÞdS
0

(10)

Finally, the DF current can be evaluated by

Jdiv
s 5Js2Jcurl

s (11)

2.2. HD and the Loop-Tree Decomposition
It is popular to decompose low-frequency surface current den-

sities into loop-tree basis as discussed in [8]

Figure 2 The HD for the CTLs operating at the odd mode. (a) The geometry and amplitude of the surface currents. l 5 1.0 m, w 5 0.15 m, h 5 0.1 m,

and s 5 0.2 m. The working frequency f 5 300 MHz; (b) the total current on the ground plane; (c) the CF component; (d) the tree current component;

(e) the DF component; (f) the loop current component. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com]
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Js5Jtree 1Jloop (12)

However, there are several significant differences between

the loop-tree decomposition and the proposed decomposition.

First, the loop-tree is the quasi-Helmholtz-decomposition.

Even though the loop basis is divergence free ðr � Jloop 50Þ, the

tree basis is not curl free ðr3Jtree 6¼ 0Þ. Hence, the current by

tree basis does not correctly depict the irrotational portion and it

is not unique. However, the proposed rigorous HD process pro-

vides the unique irrotational current and works for all frequency.

This is demonstrated in the Benchmark B of Section 3.

Second, the loop-tree method was more frequently used for

the field calculation. The information is usually consolidated

together after both tree and loop currents are obtained. However,

the proposed HD in this article is specially for the EM field

data analysis to extract and visualize vital EM field property. It

is possible to be used in the field calculation process, which is

the result of another project.

At the end, the loop-tree is an effective low-frequency method

for the low-frequency regime. It is not effective when the frequency

goes high. Hence, examination of the irrotational and solenoidal

parts of the field or currents based on the loop-tree method will

cause confusing result at high frequencies. But the proposed HD

works for all frequencies. Hence, we can avoid messy decomposed

current components as shown in the Benchmark B of Section 3.

3. NUMERICAL RESULTS

3.1. Fictitious Current on a Planar Surface
The first example is dedicated for the algorithm verification.

The fictitious vector current on a planar surface with the size of

1 3 1 can be decomposed analytically

Figure 3 The HD for the CTLs operating at the even mode and mixed mode. (a) The amplitude of even mode surface currents; (b) the total even

mode current on the ground plane; (c) the even mode CF component; (d) the mixed mode CF component; (e) the even mode DF component; (f) the

mixed mode CF current component. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com]
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Jdiv
s 5exsin ðkxÞ2sin ð2kyÞ2eysin ð2kxÞsin ðkyÞ2 (13)

Jcurl
s 5exsin ð2kxÞsin ðkyÞ21eysin ðkxÞ2sin ð2kyÞ (14)

where k 5 2p is the wave number. Figure 1(a) shows the origi-

nal current Js on the surface. The CF and DF currents calculated

by the SIE method are illustrated in Figures 1(b) and 1(c),

respectively. Figure 1(d) shows the relative error of the CF cur-

rent as a function of points per unit through comparing the ana-

lytical solution (14) with the SIE result.

3.2. Coupled Transmission Line
The proposed decomposition method can be use to provide

more insight about the field radiation than the total current or

field. One of its applications is to identify EM interference sour-

ces and their properties. The canonical problem is to analyze the

return current on the ground plane for coupled transmission

lines (CTLs) under different working modes, as shown in Fig-

ures 2 and 3. Figure 2 shows the analysis for the odd (differen-

tial) mode excitation, where the voltages are set to 11 V and

21 V for the two input ports, respectively. If both voltages are

set to 11 V and 11 V, we can obtain the result of the even

(common) mode, as shown in Figures 3(a)–3(c), and 3(e). If

they are set to 11 V and 0 V, we can obtain the result of the

mixed mode, as shown in Figures 3(d) and 3(e).

By comparing Figures 2(c) and 2(e) and Figures 2(d) and

2(f), clearly the proposed HD process produces much reasonable

irrotational and solenoidal current than the tree and loop current

distribution on the ground plane.

In Figure 3(c), the decomposed CF component from the pro-

posed method shows a very strong dipole moment that contributes

greatly to the common mode radiation. Hence, the common mode

propagation is expected to have the representative property of the

electric dipole radiation. The CF component of the odd mode in

Figure 2(c) has two pairs of opposite electric dipoles. Therefore

differential signal demonstrates much weaker electrical radiation.

By checking the DF components in Figure 2(e) and Figure 3(e),

magnetic dipole radiations are also weak due to the cancelation of

the solenoidal loop current’s radiation. From another point view,

because the far field EM emission can be simply written as

Efar ðrÞ5Ecurl
far ðrÞ1Ediv

far ðrÞ, where

E
curl;div
far ðrÞ5 xleikr

4pr

ð
S

e2ik�r0 ð�I2k̂k̂Þ � Jcurl;div
s ðr0ÞdS0 (15)

For circuit EMI problems, the objects’ dimensions are usu-

ally a very small fraction of the working wavelength. The Ediv
far

has much smaller radiation compared to the Ecurl
far if the magni-

tude of Jdiv
s is comparable to Jcurl

s . Hence, from the HD result,

we could effectively estimate which radiation (electric dipole or

magnetic dipole) is dominant.

From the mixed mode CF and DF current distributions in

Figures 3(d) and 3(f), we can tell that the electric dipole

moment is in between the odd mode and the even mode. Hence,

its EM emission is also in between those two cases.

3.3. Complementary Split-ring Resonator
The third example is to use the proposed HD to analyze an reso-

nating structure that is important for RF and microwave circuit

modeling. The complementary split-ring resonator (CSRR) [9]

shows an effective negative permittivity in microstrip devices.

Having exotic properties and broad applications, the CSRR is a

key element for the metamaterial design in microwave engineer-

ing. The subwavelength CSRR can be modeled as a LC resonant

circuit with strong quasistatic features. Here its capacitive and

inductive responses are modeled using the HD. Figure 4(a)

shows the layout of the CSRR etched in the top layer. The

ground plane occupies 9.0 3 6.0 mm2. Air is used as a substrate

with the height of 0.254 mm. The tapered transition (lead) can

adiabatically transform the energy of the microstrip line to the

CSRR. Three frequency points are considered involving the res-

onance frequency at 13 GHz with a stop-band characteristic,

and the two off-resonance frequencies at 11 and 18.8 GHz with

the same insertion loss of 5 dB. Figures 4(b), 4(d), and 4(f) and

4(c), 4(e), and 4(g) show the CF and DF currents at the frequen-

cies of 11, 13, and 18.8 GHz, respectively. First, we notice that

Figure 4 The HD for a microstrip patch incorporated with a CSSR. (a) The schematic pattern. The geometry is set as follows: b 5 2a 5 1.12 mm,

c 5 2r 5 0.4 mm, d 5 1.8 mm, f 5 2e 5 2g 5 2t 5 2.0 mm, h 5 1.5 mm and s 5 0.3 mm. (b,c) The CF and DF currents at the off-resonance frequency of

11 GHz; (d,e) The CF and DF currents at the resonance frequency of the CSSR; (f,g) The CF and DF currents at the off-resonance frequency of 18.8

GHz. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com]
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the CF currents are much smaller than the DF ones for all the

frequencies, which agrees with the quasistatic feature of the

CSSR. Second, the resonance of the CSSR satisfies the Lorentz

oscillator model. Consequently, both the CF and DF currents

reach their maxima as illustrated in Figures 4(d) and 4(e). Addi-

tionally, the DF currents at the right-hand side lead undoubtedly

confirm the band stop feature of the CSSR. Third, the CF cur-

rents corresponding to the capacitive response of the CSSR are

concentrated at the air slot regions of A and C denoted in Fig-

ures 4(a). While the DF currents in Figures 4(c) and 4(e) corre-

sponding to the inductive response of the CSSR are trapped at

the metallic strip region B denoted in Figure 4(a). Interestingly,

the peaks of the CF currents tunnel from the region A to the

region C as the frequency increases as shown in Figures 4(b),

(d), and 4(f). In comparison with the outer air slot related to the

region A, the inner one related to the region C has smaller

capacitance value.

4. CONCLUSION

An IE-based rigorous HD process is proposed to extract and

analyze the EM field. It provides much clearer insight into field

coupling and radiation mechanisms. Compared to the loop-tree

based decomposition, it is rigorous and frequency-independent.

This method provides a novel angle and a powerful postprocess-

ing facility to reproduce and understand the complex EM

responses for EMI/EMC, antennas, SI, and other areas.
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ABSTRACT: Dedicated short-range communications (DSRCs) is a

short-to-medium range wireless protocol designed for automotive sys-
tems. This article describes the development of a one-layer compact left-

hand circularly polarized antenna with a footprint and characteristics
suitable for on-board-unit antenna of a DSRC system. The size of the
developed prototype is 40 3 40 3 1.55 mm3 and exhibits a circularly

polarized gain of about 4.68 dBc with a cross polarization discrimina-
tion of about 22.5 dB. VC 2014 Wiley Periodicals, Inc. Microwave Opt

Technol Lett 56:1843–1846, 2014; View this article online at

wileyonlinelibrary.com. DOI 10.1002/mop.28453

Key words: left-hand circularly polarized antennas; dedicated short-

range communication; on-board unit; patch antenna

1. INTRODUCTION

Dedicated short-range communication (DSRC) systems provide

a high-speed radio link between road side equipment (RSE), a

fixed unit placed on a road infrastructure, and on-board equip-

ment/unit (OBE/OBU), a mobile unit placed inside the vehicle,

within a small communication range (up to 1000 m in optimal

weather condition).

The OBU market for electronic toll collection is rapidly

increasing and spreading to several countries and can be esti-

mated around 1 ML/year due to the large number of OBU devi-

ces required. However, the single OBU needs to be reasonably

priced and an appropriate antenna for the RSE needs to be sim-

ple, compact, and low cost.

In Europe, the EN12253 standard [1] specifies the require-

ments for the communication between RSE and OBU at 5.8

GHz and the OBU antenna features. The OBU antenna should

Figure 1 Antenna layout front and side views. A continuous line is

used for the patch, while a dashed line is adopted for guard ring on the

ground plane
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