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Abstract—The interaction between electromagnetic field and
plasmonic nanostructures leads to both strong linear and nonlin-
ear behaviors. In this paper, a time-domain hydrodynamic model
for describing the motion of electrons in plasmonic nanostruc-
tures is presented, in which both surface and bulk nonlinearity
are considered. A coupled Maxwell–hydrodynamic system captur-
ing full-wave physics and free-electron dynamics is numerically
solved with the parallel finite-difference time-domain method. The
validation of the proposed method is presented by simulating a
plasmonic metasurface. The linear response is compared with the
Drude dispersion model and the nonlinear terahertz emission from
a difference-frequency generation process is theoretically analyzed.
The work is fundamentally important to design nonlinear plas-
monic nanodevices, especially for efficient and broadband THz
emitters.

Index Terms—Finite-difference time domain (FDTD), hydrody-
namic model, metasurface, nonlinear plasmonic nanodevice, tera-
hertz (THz) emission.

I. INTRODUCTION

P LASMONIC nanostructures play an important role in con-
trolling light, for developing photoluminescence enhance-

ment, optical sensing, solar cell, metamaterials, and optical an-
tenna [1]–[5]. These potential applications arise from surface
plasmon resonance (SPR) [6], which is induced by the inter-
action between plasmonic metal nanostructures and external
electromagnetic fields. The SPR can be tailored by modifying
the geometry and material of nanostructures [7]. Particularly,
they are attractive for their inherent nonlinear optical effects.
A variety of photonic functionalities based on the nonlinear
effects are reported in recent work, such as optical sensing,
ultrashort pulse generation, nanoantenna, and optical signal pro-
cessing [8]–[11]. However, nonlinear interactions in comparison
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with linear interactions are intrinsically weak. They are heavily
dependent on the field amplitude of excitation. Consequently,
high-power excitation is needed to enlarge nonlinear effects. In
experiments, an optical laser is adopted for high-power excita-
tion and strong field enhancement can be achieved by carefully
designing plasmonic nanostructures. Due to a low conversion
efficiency of high-order nonlinearities, the most exciting and
useful effects are the second- and third-order nonlinearities, such
as the second-harmonic generation, Kerr effect, third-harmonic
generation, and four-wave mixing.

Modeling optical responses of plasmonic nanostructures is a
critical step to understand their working principles and perform
corresponding designs. For numerical studies, the Drude model
is commonly used for describing electron motion in plasmonic
materials. However, it is a local-response approximation model
that does not account for the nonlinear and nonlocal electro-
magnetic responses. To solve this problem, a classical electro-
dynamic framework with suitable approximations and improve-
ments can be used. The nonlinear response can be described with
material nonlinear polarization, i.e., P = ε0χ

(n)En , where χ(n)

is the nonlinear susceptibility [12], [13]. Alternatively, a hydro-
dynamic model in time domain can be used to model nonlinear
effects resulting from motion of conduction electrons in metals.
The complex nonlinear dynamics is presented in this model, in-
cluding the magnetic-field contributions from the Lorentz force,
convective acceleration, and quantum pressure [14]–[16]. This
hydrodynamic model fully considers the linear and nonlinear
dynamics of the electron gas and does not rely on the exper-
imentally measured bulk and surface nonlinear susceptibility
[17]. Inspired by the above observations, a time-domain imple-
mentation of the hydrodynamic model with the classical com-
putational electromagnetics method is desirable.

The finite-difference time domain (FDTD) [18] is one of the
most commonly used method to study time-domain behaviors of
materials. The FDTD method was originally designed for linear
nondispersive dielectric materials, and has been widely used for
more than five decades. With the auxiliary differential equation
(ADE) technique [19], the FDTD method is extended to the
simulation of dispersive materials. The ADE-FDTD method is
flexible for modeling complex permittivity functions and non-
linear effects, such as Kerr and Raman effects in nonlinear
media [20].

Recently, by using difference-frequency generation, a ter-
ahertz (THz) emitter based on a nonlinear metasurface was
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reported [22]. Efficient, broadband and tunable THz emission
can be generated in a thin layer of metamaterial with tens of
nanometers thickness by an infrared laser pumping. The THz
emission intensity from the metamaterial is of the same order
as the nonlinear crystals; and the ultrathin THz emitter is free
from quasi-phase-matching. However, there is no rigorous and
universal numerical model to simulate the nonlinear process.
In this paper, a self-consistent parallel ADE-FDTD method is
employed in conjugation with the hydrodynamic model to sim-
ulate the nonlinear THz emission from plasmonic metasurfaces.
Compared to the Maxwell–hydrodynamic model in literature
[14], [23] and our previous work [12], [13], [24], a new two-step
splitting scheme is proposed to solve the multiphysics model. In
[14], [16], [24], the hydrodynamic equations contain nonlinear
terms; the explicit scheme cannot be used directly to solve elec-
tron velocity and density, except that the approximations of their
values at the previous step are employed. Consequently, both the
linear and nonlinear responses are solved with the approxima-
tions. To keep the accuracy of the simulation, a fine spatial or
temporal increment should then be used. In difference, the pro-
posed ADE-FDTD method uses the two-step splitting scheme.
The linear effect is explicitly solved by the ADE method and
the nonlinear response was explicitly updated with the inter-
mediate value of current obtained from the ADE method. As
a result, the linear and nonlinear responses are split and the
weak nonlinear signals are not be suppressed by the strong lin-
ear pulse signals. The numerical aspects of the proposed model
including accuracy, stability, and parallel strategy are presented.
To demonstrate the performance of the proposed algorithm, the
THz signal emitted from a single periodic layer of gold split-ring
resonators on glass is investigated. The numerical simulations
in a three-dimensional computational domain yield good agree-
ments with the experimental results in [22].

This paper is organized as follows. The numerical scheme
and multiphysics model are introduced in Section II. The non-
linear response of plasmonic metasurfaces is modeled with the
proposed scheme in Section III. To benchmark the proposed
scheme, the linear transmittance of the metasurface is calcu-
lated and the result is compared to the classical Drude model.
Then, the THz emission from difference-frequency generation
is calculated and compared with theoretical analyses. Finally,
this paper is concluded in Section IV.

II. NUMERICAL SCHEME

A. Multiphysics Hydrodynamic Model

The interaction of electromagnetic fields E and H with non-
magnetic materials is described by the Maxwell’s equations

1
μ0

∇× B = ε0
∂E
∂t

+ J (1)

∂B
∂t

= −∇× E (2)

where ε0 and μ0 are the vacuum permittivity and permeabil-
ity. J includes both linear and nonlinear polarization currents,
when electromagnetic waves interact with free electron gas in
plasmonic materials. The natural dynamics of free electron gas

driven by an external electromagnetic wave is described by the
hydrodynamic equation

∂ve

∂t
+ (ve · ∇)ve = − e

m
(E + ve × B) − γve (3)

∂ne

∂t
+ ∇ · (neve) = 0 (4)

where m and e are the electron mass and electron charge. ne and
ve are the electron density and velocity. γ is the phenomenolog-
ical damping frequency constant. To ensure charge neutrality,
the initial electron density ne is set to be equal to positive ion
density n0 without excitation. (ve · ∇)ve term is the convec-
tive acceleration of electron gas. Equation (4) is the continuity
equation. The electromagnetic field and electron dynamics can
be coupled via the macroscopic current density and charge den-
sity terms

J = −eneve (5)

ρ = e(ne − n0). (6)

On substituting (5) and (6) into (3) and (4), we get

∂J
∂t

= ε0ω
2
pE − γJ +

e
m

(ρE − J × B)

+ ∇ ·
(

1
ρ + ε0mω2

p /e
JJ

)
(7)

∂ρ

∂t
−∇ · J = 0 (8)

where ωp =
√

e2n0/ε0m is the plasma frequency. Finally, (7)
and (8) can be reduced to one equation by substituting ρ =
ε0∇ · E into them

∂J
∂t

= ε0ω
2
pE − γJ +

e
m

[ε0(∇ · E)E − J × B]

+ ∇ ·
(

1
ε0(∇ · E) + ε0mω2

p /e
JJ

)
. (9)

Equations (1), (2), and (9) form the hydrodynamic model for
linear and nonlinear interactions between the electromagnetic
wave and free electron gas in plasmonic nanostructures.

B. Computational Grid

In order to solve (1), (2), and (9), a computational grid based
on the standard staggered Yee cells is proposed, as seen in
Fig. 1. The spatial–temporal dependent E, H, and J are nodally
uncollocated in space and staggered in time. The electric field E
is defined at time step l+1/2 and is located at the cell face center.
Both current density J and magnetic field H are defined at the
time level l and are located at the cell face centers and the edges,
respectively. This grid arrangement captures the properties of
fields and charges as well as the cross-coupling effects between
free electrons and electromagnetic fields.

C. Two-Step Splitting Scheme

We employ an explicit central difference method to discretize
(1) and (2). Considering the sampled time level of J and the
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Fig. 1. Yee grids for the Maxwell–hydrodynamic system.

nonlinear properties of (9), a time-splitting scheme is applied
for updating J. We split (9) into two subproblems

∂J
∂t

= ε0ω
2
pE − γJ (10)

∂J
∂t

=
e
m

[ε0(∇ · E)E − J × B]

+ ∇ ·
(

1
ε0(∇ · E) + ε0mω2

p /e
JJ

)
. (11)

Equation (10) is the linear response of electrons as described
by the conventional Drude model. Updating J from the time
step l by a central difference scheme, we obtain an intermediate
updated current density J(1) at time step l + 1

J(1),l+1 =
1 − 0.5Δtγ

1 + 0.5Δtγ
Jl +

ε0ω
2
pΔt

1 + 0.5Δtγ
El+1/2 . (12)

Equation (11) presents the nonlinear response. Since current
density J is defined at the same time level as H and is at the
same location as E in space. ε0∇ · E term in (11) representing
the charge density is first calculated at the center of grid. The
components are interpolated to approximate the values at the
same spatial and temporal point as J. For example, for updating
the x-component of J, the interpolated ∇ · E and B are given by

∇ · El+1/2
i,j+1/2,k+1/2 =

1
2

(
∇ · El+1/2

i+1/2,j+1/2,k+1/2

+ ∇ · El+1/2
i−1/2,j+1/2,k+1/2

)
(13)

B̄
l+1/2
y i,j+1/2,k+1/2 =

1
4

(
Bl+1

y i,j+1/2,k + Bl+1
y i,j+1/2,k+1

+ Bl
yi,j+1/2,k + Bl

yi,j+1/2,k+1

)
(14)

B̄
l+1/2
z i,j+1/2,k+1/2 =

1
4

(
Bl+1

z i,j,k+1/2 + Bl+1
z i,j+1,k+1/2

+ Bl
zi,j,k+1/2 + Bl

zi,j+1,k+1/2

)
.

(15)

Meanwhile, J is interpolated at the time level l+1/2 by aver-
aging Jl and the intermediate current density J(1),l+1

J̄
l+1/2
xi,j+1/2,k+1/2 =

1
2

(
Jl

xi,j+1/2,k+1/2 + J
(1),l+1
xi,j+1/2,k+1/2

)
.

(16)
After explicitly solving (11), the nonlinear intermediate cur-

rent density J(2) can be obtained. After getting the second in-
termediate value of J(2) , a final current density at the time step
l+1/2 is given by J = J(1) + J(2) for updating the next step
electric field. Instead of solving a large matrix with an implicit
difference method, the equation of hydrodynamic model is split
into a linear explicit equation and a nonlinear explicit equation.
The proposed two-step splitting scheme is adopted for efficiency
and simplicity of the implementation.

D. Numerical Stability

The stability of the proposed scheme can be analyzed by
finding the roots of the corresponding growth matrix. Unfortu-
nately, even with modern computer techniques, expressions for
the roots are too complex to obtain. Here, the nonlinear terms
in the hyperbolic equation (15) mainly contribute to the high-
order harmonic generation. Compared with the linear term in
(13), the nonlinear responses are small. After modeling differ-
ent complex metallic nanostructures for a long-term simulation,
we found that the hydrodynamic model was stable within the
commonly used CFL constraint of the FDTD method. In other
words, the nonlinear terms, which are much weaker than the
linear one, do not significantly affect the stability condition of
the FDTD method with the linear Drude model.

E. Parallel Strategy

The plasmonic nanodevices, such as metamaterials, are sub-
wavelength nanostructures exhibiting a strong near-field en-
hancement. Simulations of them need a great amount of grids
to achieve a high spatial resolution. Meanwhile, the bandwidth
of the fundamental pulse should be narrow enough in the fre-
quency domain so that the high-order harmonic signals are not
overwhelmed by the fundamental one. As a result, long CPU
time with large iteration steps is required to guarantee the suf-
ficient decay of the fundamental pulse. To fix this problem, a
parallel computing technique can be employed. Thanks to the lo-
calization nature of the FDTD method, we can divide the whole
computational domain into many subdomains. A high efficient
parallel code can then be achieved by implementing the FDTD
code on computer cluster.

Fig. 2 shows our parallel FDTD algorithm. The simulation
domain is divided into many subdomains and each subdomain is
assigned to a processor. Each subdomain executes the same code
in parallel and swaps the data at the interface at every time step.
The data exchange between different processors or domains is
carried out by using the message passing interface (MPI) library.
At the subdomain boundaries, one additional layer of cells is
allocated as a swap buffer. The flowchart of the subdomain is
diagrammed in Fig. 3. Comparing with the Drude model, the
field iterations of the hydrodynamic model need the fields in
the neighboring Yee grids, thus the components E, H, and J
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Fig. 2. Diagram of the parallel computing scheme. (a) Parallel FDTD process-
ing on a computer cluster. (b) Field exchange between the adjacent subdomains.

are stored in their swap buffers and exchanged at the interface.
In addition, the data exchange is also needed for the periodic
boundary condition.

III. NUMERICAL VALIDATION AND APPLICATION

The nonlinearity of plasmonic nanodevices is simulated in
this section. This problem is motivated by a recent experiment
research [22]. A broadband and efficient THz emission from
a plasmonic metasurface is based on resonant photoexcitation
of the magnetic dipole resonance. The THz emission from the
metamaterials is continuous in the THz regime and its intensity
is of the same order as optimal crystals that are thousand times
thicker.

A. Configurations

In a recent work, researchers have shown that a THz source
ranging from 0.1 to 4 THz can be generated by a plasmonic
metasurface [22]. However, due to the upper cutoff frequency
of the inorganic crystal detector is much smaller than the emitted
THz signal, the measured bandwidth of THz signal was much

Fig. 3. Flowchart of a subdomain in the parallel FDTD scheme.

narrower than the expected. Therefore, it is important to inves-
tigate the mechanism of the THz emission from metasurface
by a numerical method. The efficient and compact metasur-
face THz emitter is shown in Fig. 4(a). The gold SRRs are
arranged periodically in both x and y directions and supported
by a layer of glass substrate coated with ITO. The thickness of
the gold film, ITO, and SiO2 substrates are 40, 6, and 200 nm,
respectively. The glass substrate and ITO layer are chosen as
nondispersive dielectric materials and the relative permittivity
are 2.25 and 3.8, respectively. The parameters for gold are taken
to be n0 = 5.92 × 1028 m−3 and γ = 10.68 × 1013 rad/s. The
dimensions of the SRRs are chosen as shown in Fig. 4(b).

B. Validation With Linear Response

We first consider the validation for the linear response of our
method. The set of (1), (2), (10), and (11) are numerically solved
by employing the ADE-FDTD method. A plane wave source is
introduced by using the total-field and scattered-field (TF/SF)
technique and it propagates in the z-direction. PMLs are set
to be in the z-direction and periodic boundary conditions are
employed at both the x and y directions. Uniform spatial steps
Δx = Δy = Δz = 2 nm and a time step Δt = 3 × 10−18 s are
applied. A computational domain of 190 × 190 × 1000 grids is
used. The calculated transmittance spectrum of the plasmonic
metasurface around the fundamental magnetic resonance fre-
quency is calculated numerically by using the hydrodynamic
model and compared with the Drude model as shown in Fig. 5(a).
The solid line indicates the spectra obtained by the hydrody-
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Fig. 4. (a) Layout of a metasurface consist of a periodic array of SRRs.
(b) Feature size of a unit cell.

namic model and the dashed line is the spectra calculated by the
Drude model. Fig. 5(b) shows the relative errors. One can see
that the results obtained using our proposed method are in good
agreement with those obtained with the classical Drude method.

C. Nonlinear Simulation

The THz emission from the metasurface due to optical rec-
tification or difference-frequency generation is induced by the
symmetry breaking in the second-order nonlinear current dis-
tribution. From (9), we can see that the convective accelera-
tion terms (J · ∇)J and (∇ · E)E are the key contributions to
the second-order nonlinearities. These terms behave like lin-
ear current times linear charge density Jρ, consequently, the
THz nonlinear current is parallel or antiparallel to the linear
current. When the polarization of incident wave is parallel to

Fig. 5. (a) Calculated transmittance of the metasurface shown in Fig. 4. The
results are shown for x-polarized excitation. (b) Relative errors between our
method and the Drude model.

the gap of SRRs (x-polarization), the nonlinear currents at both
arms are parallel and radiate fields that can be observed in the
far field.

To validate the nonlinear response of our method, we model
the THz emission from the metasurface that is excited by an
x-polarized laser. The pump laser is a Gaussian pulse

E(t) = cos(ω0t + ϕ)g(t) (17)

where

gσ (t) = e−
1
2 σ 2 t2 ⇔ gσ (ω) =

√
2π

σ
e−

ω 2

2 σ 2 (18)

is a Gaussian envelope. ω0 is the center frequency of the pump
pulse and φ is a phase delay. The second-order nonlinear polar-
ization from the plasmonic material is proportional to the power
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of the incident pump pulse

P (2)(t) ∼ E(2)(t)

= cos(2ω0t + 2φ)g2
σ (t) + g2

σ (t) (19)

P (2)(ω) ∼ ei2ϕg√2σ (ω − 2ω0)

+ e−i2ϕg√2σ (ω + 2ω0) + g√2σ (ω). (20)

Here, the first two terms are corresponding to the second
nonlinearity with the center frequency 2ω0 ; the last term is
the THz emission; thus, the THz emission only depends on
the temporal Gaussian envelope. The emitted THz field has an
analytical solution given by

ET H z (t) ∼ ∂2P/∂t2 ∼ χ(2)∂2
t g√2σ (t)

= χ(2)σ2(1 − 2σ2t2)e−σ 2 t2
. (21)

The linear and nonlinear signals are calculated numeri-
cally with the proposed method. The driving frequency, tem-
poral width, change rate, and peak amplitude of the pump
laser are chosen as ω0 = 1.228 × 1015 rad/s, σ = 2 ln 2/τ , and
E0 = 2 × 107 V/m, respectively. Here τ = 150 fs is the dura-
tion of excitation pulse corresponding to a spectral width of
3 THz. The total number of simulation time steps is 4.0 × 105

corresponding to a physical time of 1.2 ps. Fig. 6(a) and (b)
shows the temporal profile of linear and nonlinear transmitted
field, respectively. The linear and nonlinear spectra are plot-
ted in Fig. 6(c) after the Fourier transform. We can see that
the second-harmonic and difference-frequency generation are
observed clearly.

The THz signals in the frequency domain are extracted. First,
a Fourier transform is performed on the time-domain nonlinear
signals, in which a specific frequency range of 0–10 THz is se-
lected, while the intensity of all other frequencies outside the se-
lected window is set to zero. Then, we transform these windowed
frequency-domain signals back into its time-domain counter-
parts. Since the resonance of SRRs is much wider (35.2 THz
shown in Fig. 5(a)) compared to the pump pulse width, and
thus the emitted THz bandwidth from SRRs is limited by the
bandwidth of the incident pump pulse. As a comparison, the
predicted result of analytical solution is plotted in Fig. 7, from
which excellent agreement can be observed. Note that the THz
emission bandwidth of our results is broader than the observed
THz spectrum in the experiment [22]. This is because the upper
cutoff frequency of the THz signal detector in the experiment
is smaller than the theoretical prediction. The metasurface THz
emitter can generate broadband THz signals by shortening the
pump pulse duration because the single-layer emitter of 40-nm
thickness is continuous and free from the quasi-phase-matching
limitation at the THz region.

By using the parallel strategy in previous section, the per-
formance of our parallel FDTD code can be improved. For the
same configuration of 190 × 190 × 400 grid, the computa-
tion speedup versus the number of processeros is plotted in
Fig. 8. The computations are performed on a workstation with
4 Intel(R) Xeon(R) E5-2680 v2 @ 2.80 GHz CPU (a total of 40

Fig. 6. Electric field as a function of time for (a) linear and (b) nonlinear trans-
mission. (c) Semi-log plot of the Fourier transform of the linear and nonlinear
transmitted fields versus frequency.
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Fig. 7. (a) Normalized THz spectrum and (b) corresponding time-domain
THz pulse.

Fig. 8. Computational speedup versus number of processors.

CPU cores). The total computational memory was about 5.4 GB
and total computational time was about 20 h with 32 processors.
The practical speedup is lower than theoretically expected. This
is due to the increased data transfers (E, H, J) between proces-
sors. In addition, the implementation in the plasmonic material
area is complicated, the simulation time is much large for the
subdomain with plasmonic structures. Therefore, simulations of
the subdomains decrease the parallel computational efficiency.

IV. CONCLUSION

In conclusion, a self-consistent, accurate, and explicit FDTD-
based Maxwell–hydrodynamic model has been developed for
investigating and modeling both linear and nonlinear electro-
magnetic responses in plasmonic metasurfaces. In particular, a
time-splitting scheme is adopted for solving the hydrodynamic
equation. With the proposed method, the linear transmittance
of a plasmonic metasurface is simulated and compared with the
Drude model, and the emitted nonlinear THz signal is accu-
rately solved. Consequently, the proposed multiphysics FDTD
scheme presents a way for understanding and designing nonlin-
ear plasmonic nanodevices.
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