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Pseudospin-Polarized Topological Line Defects in Dielectric Photonic Crystals

Menglin L. N. Chen , Li Jun Jiang, Zhihao Lan, and Wei E. I. Sha

Abstract— Electromagnetic (EM) topological insulators have been
extensively explored due to the robust edge states they support. In this
work, we propose a topological EM system based on a line defect in
topologically nontrivial photonic crystals (PCs). With a finite-difference
supercell approach, modal analysis of the PC structure is investigated
in detail. The topological line-defect states are pseudospin polarized
and their energy flow directions are determined by the corresponding
pseudospin helicities. These states can be excited by using two spatially
symmetric line-source arrays carrying orbital angular momenta. The
feature of the unidirectional propagation is demonstrated and it is stable
when disorders are introduced to the PC structure.

Index Terms— Edge states, finite-difference (FD) supercell approach,
photonic crystals (PCs), topological line defect.

I. INTRODUCTION

The concept of topology is put forward along with the discovery
of the quantum Hall effects and topological insulators in condensed
matter [1]–[3]. By putting two materials with different topologies in
contact, there exist edge states at the interface [4], [5]. Because the
topology is stable against disorders of a system, these states propagat-
ing in a robust unidirectional way are called topologically protected.
Photonic crystals (PCs) are analogs of solid crystals so there is a
similarity between the behavior of photons and electrons [6], [7].
In 2008, it was proved that analogous topological effects also exist
in PCs, where no quantum but classical electromagnetic (EM) nature
applies [8].

Recent research work has demonstrated that various photonic sys-
tems can have nontrivial topology [9]. For example, a gyromagnetic
PC under external magnetic fields has nontrivial bulk topology and
unidirectional backscattering-immune edge states have been experi-
mentally observed [10]. However, as gyromagnetic effect is weak at
optical frequencies and not amenable to on-chip integration, topo-
logical photonic systems composed of nongyrotropic materials, such
as helical waveguide arrays [11] or coupled ring resonators [12], are
proposed as alternative promising platforms. Moreover, topological
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Fig. 1. Geometry of the 2-D PC arranged in a triangular lattice. Each cluster
is composed of six cylinders, forming a hexagon with the side length of R.
The cylinders are pure dielectric, with radius r and dielectric constant �. Right
inset: smallest supercell holding the periodicity along the x- and y-directions.

photonic systems that preserve the time-reversal symmetry (TRS)
and exploit the concepts such as quantum spin Hall (QSH) [13]–[18]
or quantum valley Hall (QVH) [19]–[21] effects have also been
proposed. For example, by designing PCs with hexagonal C6v
symmetry, the doubly degenerate dipole and quadrupole modes
can be used to realize the photonic QSH states [16], and the
pseudospin-momentum locking behavior has been experimentally
observed [22], [23]. Besides, homogeneous media, for example,
bianisotropic [24], [25] or hyperbolic [26] metamaterials, can also
have nontrivial topological properties. For all the topological photonic
systems with TRS, the edge states are realized at the interface
between two PCs with trivial and nontrivial topologies.

In this work, we propose a novel topological waveguide that
is constructed by a line defect in only a single 2-D PC with
nontrivial topology, which can have important practical advantages.
To numerically analyze the properties of the topological waveguide,
we develop a simple and effective supercell approach based on the
finite-difference (FD) method, from which the band structures can
be quickly obtained. The topological line-defect states are identified
in the band structure and successfully excited using two spatially
symmetric line-source arrays. The unidirectional-propagation feature
of the defect states is verified through full-wave simulations. Further-
more, we find no noticeable backscattering by introducing disorders
to the PC structure.

II. MODAL ANALYSIS

A. Bulk States

A 2-D PC made using a triangular lattice of hexagonal clusters is
shown in Fig. 1. a1 and a2 are the two translation vectors with the
length of a0, i.e., the lattice constant. Each cluster is composed of
six dielectric cylinders located at the corners of a hexagon, with the
side length of R.

Only the transverse-magnetic (TM) modes are considered,
i.e., electric field only has the out-of-plane component and magnetic
field is confined to the xy plane. The governing equation for the TM
modes of the 2-D PC is written as

1

�̄

∂2 Ez

∂x2 + 1

�̄

∂2 Ez

∂y2 + k2
0 Ez = 0 (1)
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Fig. 2. Band structures of the 2-D PC in Fig. 1 and Ez of the dipole and quadrupole states at the � point in the supercell when (a) a0 = 3R, (b) a0 = 3.2R,
and (c) a0 = 2.8R. The dielectric constant of the cylinders � = 11.7 and radius r = 2 mm. The side length of the hexagons R = 6 mm.

Fig. 3. Topological line-defect states. (a) Supercell (indicated by the solid purple rectangle) constructed for the proposed topological waveguide. The width
of the gap g = 21 mm. The parameters of the PC are the same as in Fig. 2(c). (b) Corresponding band structure. Black dashed line: upper and lower band
edges [the same as the band gap calculated in Fig. 2(c)]. Red dashed line: light lines ω = ck. Three bands are identified in the band gap. (c) Time-averaged
Poynting vector about the line defect at the marked points in (b).

where k0 is the free-space wavenumber and �̄ is the averaged
dielectric constant [27].

This equation can be rewritten as M Ez = k2
0 Ez and solved as an

eigenvalue problem to obtain eigenvalues k0 and eigenmodes Ez. Due
to the periodicity of the PC, we can restrict the eigenvalue problem
to a single cluster. Nevertheless, to simplify the numerical calcu-
lation, we build a rectangular supercell with the periodic boundary
conditions imposed on the x- and y-directions. The corresponding
Bloch wave numbers are kx and ky . The lengths of the reassigned
translation vectors are a0 along x and

√
3a0 along y. Then, we use

the FD method to construct the matrix M , which is much easier
when compared with integral methods in manipulating the Bloch
boundary conditions [28]. Details on the construction of the matrix M
are provided in the Appendix. Then, the eigenvalue problem can be
solved. The photonic band structure is drawn by sweeping kx and ky
along the high symmetry directions of the irreducible Brillouin zone.

It has been found that the relative sizes of a0 and 3R distinguish the
topologies of the photonic band structures [16]. We calculate the band
structures for three cases with a0 = 2.8R, 3R, 3.2R. The Brillouin
zone is shown in the inset of Fig. 2(a). When a0 = 3R, there is no
band gap and double Dirac cones with a fourfold degeneracy appear
at the � point. When a0 �= 3R, the fourfold degenerate states at
the � point split into two doubly-degenerate states and the band gap
opens. The doubly-degenerate states are regarded as dipole (px , py)
and quadrupole (dxy , dx2−y2 ) states, because the Ez patterns of the
states in hexagonal clusters are isomorphic to px , py , dx2−y2 , and

dxy electron orbitals. In Fig. 2(b), i.e., the case of a0 = 3.2R, the
px and py states are at the � point of the lower band, and the dxy
and dx2−y2 states are at the � point of the upper band. However,
when a0 < 3R, there is a band inversion. The p states and d states
switch their positions as depicted in Fig. 2(c). The band inversion
between p and d states implies the nontrivial topology of the PC.
These results are consistent with the findings in the literature, thus
validating our supercell approach with the imposed periodic boundary
conditions along the x- and y-directions. The linear combinations of
px and py (dxy and dx2−y2 ) provide the up- and down-pseudospin
eigenstates that underlie the topological edge states in the PC.

B. Topological Line-Defect States

Topological edge states have been observed at the interface of
two PCs with trivial (a0 > 3R) and nontrivial (a0 < 3R)
topologies [16], [23] and in the trivial-nontrivial-trivial PC struc-
tures [29]. In the following, we will demonstrate topological
line-defect states in a topological waveguide which is constructed
by introducing an air gap in only one topologically nontrivial PC
structure. Although air can be considered as topologically trivial [30],
the air–nontrivial PC interface cannot support edge states because
they cannot be confined. By using the nontrivial PC-air-nontrivial PC
structure, topological line-defect states with their power concentrated
in the PC region are supported.

The supercell of the proposed waveguide structure is defined
in Fig. 3(a) (the solid purple rectangle) with the mirror-symmetry
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Fig. 4. Electric fields (real-space distribution, phase, and polarization) at
the three marked points with kx > 0 on the band structure in Fig. 3(b).
(a) Even symmetric mode with lower mode frequency. (b) Odd symmetric
mode. (c) Even symmetric mode with higher mode frequency.

plane, y = 0. Fig. 3(b) illustrates the calculated band structure by
sweeping kx from −π/a0 to π/a0. The black dashed lines mark the
band gap (7.94–8.67 GHz) that is calculated in Fig. 2(c). We find
three bands within the band gap. The first band has frequencies
lower than 8.34 GHz and the third band has frequencies larger than
8.37 GHz. These two bands possess large group velocity around
kx = 0 and the second band possesses nearly zero group velocity. The
distributions of the corresponding time-averaged Poynting vectors at
the six marked locations are plotted in Fig. 3(c). Resulting from the
structure symmetry, for all the states, the Poynting vectors possess
the same mirror symmetry about y = 0. However, there is a crucial
difference in their energy flow paths. The EM energy of the modes
of the first and third bands flow from one supercell to its adjacent
supercell. On both the lower and upper edges of the line defect, for
the modes marked by triangles, the net energy flows are along right
and for the modes marked by the inverted triangles, they are along
left. The left- and right-moving paths are accompanied by half-cycle
orbits. The rotation of the Poynting vectors along the half-cycle orbits
contributes to the net flow of the energy. The direction of rotation
correlates with the direction of the energy flow, which implies a
pseudospin-locking unidirectional propagation. It is similar to the
helical edge states in QSH effects. Meanwhile, we can see from the
location of the light lines (the red dashed lines) that these states
cannot be guided if they are exposed to air. It is because of the
symmetric line defect, the fields at the two edges are coupled and
well confined in the PC region. For the modes of the second band,
the energy flows are within each supercell, and no effective coupling
path is formed between adjacent supercells, which is useless for the
guided-wave application.

To further understand the band structure, in Fig. 4, we plot Ez
at the three marked points in Fig. 3(b) with kx > 0. Clearly,
the modes of the first and third bands have even symmetry, while
the modes of the second band have odd symmetry. Based on the
previous discussions, the even symmetric modes are topologically
protected modes of practical interests. The magnitude of the EM
field is strong within the air-gap channel for the even symmetric
modes [Fig. 4(a) and (c)] and is nearly zero for the odd symmetric
modes [Fig. 4(b)]. We further examine the phase distributions of
these modes. Importantly, it is noted that for the two even symmetric

Fig. 5. Simulated electric fields (real-space distribution) and the
time-averaged Poynting vectors at (a) f = 8.3 GHz (first band) and (b) f =
8.46 GHz (third band). In each case, there is a pair of sources carrying reversed
OAM. The OAM is generated by a four-line-source array in the hexagon near
the edge.

modes, in each hexagon right near the line defect, there is a gradual
phase change from 0 to 2π . The directions of the phase rotation
are indicated on the right of Fig. 4(a) and (c). It can be seen that
the EM fields within the hexagons at the upper and lower edges of
the line defect are pseudospin polarized with reversed orbital angular
momentum (OAM). The OAM of the two even symmetric modes are
also opposite.

III. EXCITATION OF THE TOPOLOGICAL WAVEGUIDE

On the basis of our analysis, topological line-defect guiding states
are the pseudospin-polarized symmetric modes. In the following,
we excite these states by using line sources carrying OAM. COMSOL
software is employed to simulate the PC structure with scattering
boundary conditions enclosing the whole structure. We use a four-
line-source array to generate OAM. To match the source symmetry
with the eigenstates symmetry, a pair of arrays is put inside the
hexagons on the upper and lower edges, which is illustrated in Fig. 5.
A topological line-defect state at the third band in Fig. 3(b) can be
selectively excited by setting the signs of OAM of the source array
to be the same as in Fig. 4(c). However, it is worth noting that
for the first band, even by selecting the corresponding spin direc-
tions, there will be two modes at the frequencies below 8.19 GHz.
The frequency range for the excitation of a pure state is between
8.19 and 8.34 GHz.

The simulation results of two excited topological line-defect states
of the first and third bands are shown in Fig. 5. In each case,
unidirectional energy propagation is observed and the energy flow
to the other direction is suppressed. In Fig. 5(a), the OAM of the
source is set identical to those in the eigenstate in Fig. 4(a). Therefore,
the direction of the energy flow is consistent with the eigenstate in the
bottom-right panel in Fig. 3(c), i.e., in both cases, the energy flows
leftward. Similarly, Fig. 5(b) shows the excited topological line-defect
state of the third band with the energy moving rightward.

IV. ROBUSTNESS OF THE TOPOLOGICAL SYMMETRIC MODES

The topological line-defect states are immune to bulk diffraction
in the presence of defects, which is similar to the waveguide modes
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Fig. 6. Simulated electric fields (real-space distribution) and the
time-averaged Poynting vectors when a cylinder next to the line defect
is removed from (a) proposed topological waveguide at f = 8.46 GHz
and (b) conventional PC waveguide composed of a square lattice of cylinders
at f = 7.95 GHz. The parameters for the conventional PC: dielectric constant
� = 11.7, radius r = 2 mm, and the lattice constant is 12 mm.

in conventional PCs. Beyond that, the topological line-defect states
originate from the topology of the PC structure, which makes them
more robust when there are disorders. To demonstrate their nature of
topological protection, we implement two simulations with the same
disorder introduced to the proposed waveguide and a conventional PC
waveguide. In both Fig. 6(a) and (b), a cylinder on the top edge is
removed. The same excitation and operating frequency as in Fig. 5(b)
are used in Fig. 6(a) and the stars denote the positions of the sources.
As can be seen in Fig. 6(a), the flow of the Poynting vector is
distorted around the missing cylinder, but it is reconstructed behind
the disorder. The EM energy that passes through the planes 1 and 2
(indicated by the dashed blue lines) can be calculated by U =
1/2

∫
l Re(E × H∗) · dl. Then, we define the backscattering ratio as

U1/(U1 + U2) and it is calculated to be 1.0%. The unidirectional
propagation of the EM wave is well maintained in the topological
waveguide. As for the conventional PC waveguide in Fig. 6(b),
the simulation frequency is chosen so that it has the same Bloch
wavenumber as the topological waveguide. After removing a cylinder,
only 20% power is transmitted and the rest of the power is reflected.
Therefore, the topological waveguide is more robust in terms of
the unidirectional propagation with disorders than conventional PC
waveguide.

V. GENERALIZED TOPOLOGICAL LINE-DEFECT STATES

The number and frequencies of the line-defect states depend on the
width of the air gap. When the gap size decreases, the third band in
the band gap will be pushed up to the higher bulk states. When the gap
size increases, the first band in the band gap will be pulled down to
the lower bulk states. Hence, the line-defect states are different from
the edge states holding the bulk-edge correspondence [31]. At the
meantime, the key features of the states keep unchanged, such as
the half-cycle orbits of the Poynting vector. However, when the gap
becomes infinitely large, the edge states will extend to air and no
wave-guiding channel can be formed. The topological waveguide
being discussed is symmetric about the x axis, which is a special
case. Actually, the air gap can be inserted in a topologically nontrivial
PC at other locations, and more generally, the cutting gap can even
be on the cylinders.

In Fig. 7, a 60◦ air bend with the width of Py/2 is inserted
into the bulk topologically nontrivial PC. Since the symmetry of the
structure changes, the line-defect states being supported now become

Fig. 7. Demonstration of the unidirectional propagation of the topological
line-defect state in a bending gap. The plotted frequency is 7.96 GHz. The
width of the air gap is Py/2. The two red stars mark the positions of the two
sources carrying OAM.

asymmetric. However, the difference in the symmetry property will
not change the key features of the topological line-defect states. The
new line-defect states still have nonzero group velocity with the
intersupercell energy transfer. At the meantime, the Poynting vector
rotates along the half-cycle orbits in the PC on the edge. Importantly,
we can observe the unidirectional propagation of this state against
sharp bends. The backscattering ratio which is calculated based on
the energy transmitted through planes 1 and 2 is 8.3%.

VI. CONCLUSION

In summary, we proposed a topological waveguide that supports
pseudospin-polarized propagating modes. Unlike any existing designs
using two PCs with trivial and nontrivial topologies, our design only
contains topologically nontrivial PC with an inserted air gap. The
topological line-defect states are supported in the structure, resulting
from the coupling between the edge states on upper and lower edges
of the line defect. The FD supercell approach was established to
calculate the band structures and analyze the field polarization and
phase. Moreover, the topological line-defect states are successfully
excited by using a pair of sources possessing the same symmetry as
the eigenfields and they are found to be immune to disorders in the
structure. The demonstration is in microwave but can be scaled up
to optical regime.

APPENDIX

EIGENVALUE ANALYSIS USING FD METHOD

First, the supercell in Fig. 1 is divided into many grids as shown
in Fig. 8. φm,n (m = 1, 2, 3, . . . Ny , Ny + 1; n = 1, 2, 3, . . . Nx ,
Nx + 1) denotes the electric field Ez at each sampling point. Due to
the periodicity, each supercell has Nx ×Ny unknowns, i.e., φm,n, m =
1, 2, 3, . . . Ny; n = 1, 2, 3, . . . Nx .

To simulate curved boundaries of the dielectric cylinders, con-
sidering the tangential Ez component is continuous across the
air–dielectric interface, we calculate the permittivity at each grid point
by computing the average of the permittivity at its four surrounding
points that are half-grid away along both the x- and y-directions

�̄ = �m,n = 1

4
(�m−0.5,n−0.5 + �m+0.5,n−0.5

+ �m−0.5,n+0.5 + �m+0.5,n+0.5). (2)

Then, the differential eigenvalue equation (1) at the grid point
(m, n) is rewritten by using the FD approximation

1

�m,n

φm,n+1 + φm,n−1 − 2φm,n

�x2

+ 1

�m,n

φm+1,n + φm−1,n − 2φm,n

�y2 = k2
0φm,n . (3)

For the grid points going outside of the unknowns, they are treated
by the Bloch boundary conditions, i.e.,

φm,n = φm,n±Nx e j∓kx Px , φm,n = φm±Ny ,ne j∓ky Py (4)

where kx and ky are the Bloch wave numbers.



IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 68, NO. 1, JANUARY 2020 613

Fig. 8. Supercell with FD grids.

Finally, the differential eigenvalue equation is recast into a matrix
form

M	 = k2
0	

	 = (φ11 φ12· · ·φ1Nx φ21 φ22· · ·φ2Nx · · ·φNy 1 φNy 2· · ·φNy Nx )T

(5)

where M is a sparse matrix. The above can be solved by a standard
eigenvalue solver in MATLAB.
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